We present an empirical model for single pulses of radio emission from pulsars based on gaussian probability distributions for relevant variables. The radiation at a specific pulse phase is represented as the superposition of radiation in two (approximately) orthogonally polarized modes (OPMs) from one or more subsources in the emission region of the pulsar. For each subsource, the polarization states are drawn randomly from statistical distributions, with the mean and the variance on the Poincaré sphere as free parameters. The intensity of one OPM is chosen from a log-normal distribution, and the intensity of the other OPM is assumed to be partially correlated, with the degree of correlation also chosen from a gaussian distribution. The model is used to construct simulated data described in the same format as real data: distributions of the polarization of pulses on the Poincaré sphere and histograms of the intensity and other parameters. We concentrate on the interpretation of data for specific phases of PSR B0329+54 for which the OPMs are not orthogonal, with one well defined and the other spread out around an annulus on the Poincaré sphere at some phases. The results support the assumption that the radiation emerges in two OPMs with closely correlated intensities, and that in a statistical fraction of pulses one OPM is invisible.
represented by the latitude, 2χ, and longitude, 2ψ. For each chosen phase, the polarization in each pulse is represented by a point on the Poincaré sphere, and the OPMs correspond to a distribution of points concentrated around the ends of a diagonal through the sphere. Several different projections of the Poincaré sphere have been used to present pulsar data: a Mercator projection (Lyne, Smith & Graham 1971) , a Hammer-Aitoff projection (Karastergiou, Johnston & Kramer 2003) , and a Lambert equal area projection of the hemispheres (Edwards & Stappers 2004; Edwards 2004) . The representation of the data on the Poincaré sphere contains information on only two of the four Stokes parameters, and to be complete it needs to be complemented with information on the statistics of the intensity and the degree of polarization, and on the correlations between these two parameters and the polarization. Such information is available, and is usually represented by histograms.
The pulse to pulse variation in polarization is probably an important clue to understanding the emission process and its polarization characteristics. The interpretation in terms of OPMs is very strongly indicative of an emission process that generates radiation in two orthogonal modes with correlated intensities. The polarization appears to vary randomly about a mean for each OPM, with the ratio of the intensities also varying randomly. In order to identify the physical processes that lead to these variations it is important to describe them statistically. McKinnon & Stinebring (2000) proposed a model in which the polarization of each OPM is always 100%, and the observed polarization is < 100% due to it being the sum of contributions from the two OPMs. Johnston (2004) fitted data to this model, assuming gaussian variations with a mean and a variance for the relevant variable. Concentrating on the circular polarization, McKinnon (2002) proposed a statistical model, that includes noise convolved with the signal, and found that large fluctuations in circular polarization are possible due to the variations in relative intensity of the two modes. McKinnon (2003a) developed this statistical model further by including the other Stokes parameters in it, leading to a probability distribution for the polarization on the Poincaré sphere, and McKinnon (2004) applied this formalism to observed fluctuations in the position angle (PA) of the linear polarization. Edwards & Stappers (2004) also used a model that involves a probability distribution on the Poincaré sphere in interpreting their data on PSR B0329+54. Our model incorporates all these features with the exception of noise, and adds features relating to nonorthogonality of OPMs and the correlation between the intensities of the OPMs. In the empirical model described here, we assume gaussian probability distributions to describe each relevant variable in the model. The basic model involves the emission being the sum of the two OPMs each of which has its polarization described by a two-dimensional probability distribution on the Poincaré sphere. This involves four parameters for each OPM: two to describe the mean (e.g., the mean latitude and longitude on the Poincaré sphere) and two to describe the variance, which we assume to be different in two different directions. There is observational evidence that the intensity variations from pulse to pulse are consistent with log-normal statistics (Cairns, Johnston & Das 2001) , with notable exceptions such as giant pulses. The statistics are log-normal at different phases, although the statistical parameters can vary with pulse phase (Cairns, Johnston & Das 2004 ). In the model we specify that the intensity of one OPM, identified as mode 1, has log-normal statistics. The mean of ln I1 is set to zero, without loss of generality. The probability distribution then involves one additional parameter, the variance in ln I1, whose value, ∆1 = 0.8, we choose to match the observed variance in the natural log of the intensity. The interpretation of the data requires that the intensities of the two OPMs be neither strictly correlated or completely uncorrelated: they must be partially correlated. We model the partial correlation by assuming that the intensity in mode 2 is k times that in mode 1 (in a given pulse) with k described by a gaussian distribution with a mean k0 and a variance ∆2. A notable result is that we find that some features require k0 close to but not equal to unity, and ∆2 small, implying a tight correlation.
Noise is not included in our gaussian probability distributions; it was included in probability distributions by McKinnon (2002; 2003a; . We could include noise by convolving each relevant probability distribution with a noise distribution. However, this would increase the number of free parameters in the model, and complicate the identification of the important parameters needed to explain the features on which we concentrate here. Our neglect of noise implies that the model applies only to data for which instrumental noise and other noise is known to be unimportant.
To illustrate the use of the model we focus on the interpretation of the data presented by Edwards & Stappers (2004) for eight different phase bins of PSR B0329+54. For some of these bins the data are well described, at least to a first approximation, by an OPM model with slightly elliptically polarized modes and some random variations in the polarization of each OPM, with the means being orthogonal. For other phase bins the OPMs are not orthogonal, and in several examples one mode is spread out around an annulus on the Poincaré sphere. We focus on the data that seem most difficult to explain within the model: nonorthogonality of the OPMs, and asymmetry between the OPMs. The probability distributions are introduced in Section 2, and the results of specific simulations are presented in Section 3. Physical interpretations are discussed in Section 4, and the conclusions are given in Section 5.
PROBABILITY DISTRIBUTIONS
The model is based on gaussian probability distributions for each of the relevant variables: these distributions are defined in this section.
Representation on the Poincaré sphere
A state of polarization is represented by a point on the Poincaré sphere. The longitude, 2ψ, on the sphere determines the position angle of linear polarization, PA = ψ. Similarly, the latitude, 2χ, determines the axial ratio of the polarization ellipse, T = tan χ: right hand circular, T = 1, corresponds to the north pole, 2χ = π/2, and left circular, T = −1, to the south pole, 2χ = −π/2. Points in between the pole and the equator represent elliptical polarizations. In terms of the Stokes parameters, it is convenient to write q = Q/I, u = U/I, v = V /I, so that the degree of polarization is r = (q 2 + u 2 + v 2 ) 1/2 . It is only the polarized part that can be represented by a point on the Poincaré sphere, and this corresponds to (Melrose & McPhedron 1991 
Information on I and r is not included in this representation, and must be presented in some complementary way. A specific example of the representation of the polarization of individual pulses on the Poincaré sphere is shown in Figure 1 , and is discussed further in Section 3. The number of pulses with polarization close to a given point on the sphere may be represented as a probability density for the polarization represented by that particular point.
Polarization probabilities
In the model the emission in a single pulse is assumed to be a sum of completely polarized components, consisting of two OPMs for each of N subsources. The polarization state for a particular OPM and particular subsource is drawn from a two-dimensional gaussian distribution on the Poincaré sphere. This formalizes a suggestion made by Karastergiou, Johnston & Kramer (2003) that, from pulse to pulse, the polarization vectors vary randomly about a mean. The mean polarization is represented by a point, χ = χi, ψ = ψi say, with i = 1, 2 labeling the two modes. The mean polarizations may also be described by qi, ui, vi, which are related to χi, ψi by (1) with r = 1. We assume that the probability distributions around these means may be treated independently for the two modes. The probability distribution around mode i may be plotted on the Poincaré sphere in terms of contours of constant probability. The data are suggestive of distributions that are anisotropic, favoring one direction over another, and to allow for this we assume that the contours of constant probability are ellipses. If these surfaces were circles we would need only one parameter to describe the variance in the polarization for mode i, and with the generalization to ellipses of constant probability we require three parameters to describe the variance for each mode (the extra two being say the axial ratio and the direction of the major axis of the ellipse). To minimize the number of parameters, while still allowing for anisotropy, we adopt the following prescription that fixes the orientation of these probability ellipses.
Let the axes on the Poincaré sphere be rotated such that the new north pole coincides with the mean polarization point for mode i, and let quantities relative to the rotated axes be denoted by primes. Thus this choice corresponds to v 
and the u ′ are drawn randomly from
Then one has
The two-dimensional distribution on the sphere is then represented by expressing the product of the probabilities (2) and (3). The ratio of the semi-axes of the ellipses of constant probability is equal to ai/bi. On rotating back to the original axes, this determines the orientation of probability ellipses in terms of the original (unprimed) variables centered on the mean polarization state (2χi, 2ψi). For linearly polarized modes (qi = ±1, ui = vi = 0), these ellipses are oriented along latitude and longitude on the Poincaré sphere. In the cases discussed below the mean polarization is nearly linear, and these probability ellipses are then oriented nearly, but not exactly, along latitude and longitude.
Nonorthogonal OPMs
Strictly orthogonal OPMs correspond to antipodean points on the Poincaré sphere: their PAs differ by 90
• and their degrees of circular polarization are equal in magnitude and opposite in sign. This corresponds to 2χ2 = −2χ1, 2ψ2 = 2ψ1 + π. Nonorthogonal OPMs correspond to nonzero differences 2∆χ = 2(χ2 + χ1), 2∆ψ = 2(ψ2 − ψ1) − π. These two differences are free parameters in the model.
Intensities of the two modes
One mode, mode 1 say, is assumed to have a log-normal intensity distribution:
where ln I0 and ∆1 are the mean and the variance of ln I1, respectively. The intensity of mode 2 is chosen to be proportional to the intensity of mode 1, with the constant of proportionality, k, selected randomly from a gaussian distribution with mean k0 and variance ∆2:
This ensures that the intensities of the two modes are partially correlated, as suggested by observations (Stinebring et al. 1984; ).
Number of subsources
One interpretation of the microstructure in pulses is that at any given instant the observer received radiation from a number of separate subsources (Luo 2004) . Also, using a carousel model to explain drifting subsources, Edwards, Stappers & van Leeuwen (2003) argued that some data suggest that two subsources might be visible simultaneously. Our empirical model allows us to regard each pulse as composed of emission from N separate subsources, with different choices of parameters for each subsource. To avoid introducing too many free parameters, in the simulations reported here, when there is more than one subsource, all the subsources have the same probability distributions. Each subsource then corresponds to an independent set of random numbers chosen according to the specified probability distributions. Even in this simple case, the results for N subsources are not related as simply to that for a single subsource as might be anticipated.
Additional parameters
A specific difficulty arises in explaining phases where one of the OPMs is concentrated around a well-defined mean polarization and the other is spread out around an annulus on the Poincaré sphere. An additional assumption seems to be required to account for these two features being present simultaneously. We allow this by introducing an additional parameter which is a probability that mode 2 is present and mode 1 is invisible. A physical effect that allows this is that the ray for mode 2 from a given subsource reaches the observer, but the ray for mode 1 from that subsource does not because it is refracted into a different direction (Allen & Melrose 1982) . For each pulse, the model randomly decides whether to add the orthogonal modes from all the subsources or only a fraction of them. This adds a new parameter to the model: pv, the fraction of pulses for which mode 1 is invisible. For multiple subsources, N > 1, we assume that pv applies only to a fraction, pN , of the subsources.
RESULTS OF SIMULATIONS
We present six examples of our simulations. The parameters chosen for these six cases are summarized in Table 1 . Others parameters not listed, P = 15000 (the number of pulses in each simulation), I0 = 1.0, ∆1 = 0.8, 2ψ0 = 90
• , 2χ0 = −5
• and a1 = 0.05 are the same for all the simulations reported here. In presenting the results of specific simulations, we start with the case of a single subsource with orthogonal OPMs, then relax the assumption of orthogonality and the assumption of a single subsource. To focus our simulations we attempt to identify parameters such that our results simulate the specific observations shown in Figure 1 .
Method of calculation
In attempting to find a model that simulates the data shown in Figure 1 , we start by making the simplest assumptions of a single subsource (N = 1) with orthogonal OPMs (2∆ψ = 0, 2∆χ = 0). With this first example, the polarizations of the Figure 1 . The polarization points in the right hemisphere are dominated by mode 1 and those in the left hemisphere by mode 2. The first three histograms show the intensity summed over the set of simulated pulses: the first panel shows the total intensity (in the color version the total intensity is in black and its components in two OPMs are in red and green), and the second and third panels show the linearly and circularly polarized intensities, respectively. The fourth panel shows the PA of the linear polarization, and the final two panels show the degrees of linear and circular polarization. In this example the OPMs are orthogonal and their variances are the same and independent of direction on the Poincaré sphere. There is only one subsource. The ratio of the intensity of mode 2 to mode 1 has a mean of unity and a variance of 0.5. The other specific parameters are given in the text.
two modes are orthogonal, with equal variances that are independent of orientation on the Poincaré spheres, and with the same mean intensity. The simulated data are shown in Figure 2 . The first panel is a Lambert projection of the two hemispheres of the Poincaré sphere, in the same format as used in Figure 1 . The hemispheres are roughly centered on the two mean polarizations, mode 1 in the right hemisphere and mode 2 in the left hemisphere. The information on the intensity is shown in the first of the six histograms, with the intensities in the two modes shown separately in red (mode 1) and green (mode 2). The second and third and fourth histograms show the linearly polarized intensity (L = (Q 2 + U 2 ) 1/2 ), the circularly polarized intensity and the distribution in position angle. The usefulness of these histograms is for comparison with data, which can be represented as histograms of I, L, V and PA with minimal processing. The final two panels show the degree of linear and circular polarizations. We construct such histograms for all our examples, but here we show only the Poincaré sphere for most of them.
The simulation shown in Figure 2 reproduces the example shown in the lower panel in Figure 1 reasonably well. It is clear that this and similar looking examples may be simulated in terms of two orthogonal modes with random spreads about the two polarizations. However, it is also clear that additional assumptions need to be made to simulate the example shown in the upper panel in Figure 1 . We attempt to do so by relaxing one-by-one some of the assumptions made in the simulation shown in Figure 2 . Also note that despite the variances in the polarizations being the same, and the mean intensities being the same, for both modes, the distributions on the Poincaré sphere are different; this difference is particularly notable in the histogram for PA. These differences are due entirely to the different statistics for the intensities of the two modes: in this case the highest intensities are dominated by mode 2, with I2 = I1 and I 2 2 = 1.25 I 2 1 .
Orthogonal OPMs, different variances
The example illustrated in Figure 3 differs from that in Figure 2 in that the variances in the polarizations of the two modes are different, and the mean of the ratio of the intensities of the two modes is increased to slightly greater than unity (k0 = 1.1). For mode 1, the choice a1 = 0.05, b1 = 0.15, implies that the spread is larger on the Poincaré sphere in the vertical than the horizontal direction; the surfaces of constant probability are ellipses with axial ratio b1/a1 = 3, favoring circular over linear polarization. For mode 2, the choice a2 = 0.02, b2 = 0.01, corresponds to a smaller spread than for mode 1, and such that the probability ellipses have axial ratio b2/a2 = 1/2, favoring linear over circular polarization. The effect, shown in Figure 3 , is to spread out the points around the mean for mode 1 (on the right) much more strongly than for mode 2 (on the left). It is clear that while such spreading might be one ingredient in attempting to simulate the upper panel in Figure 1 , it cannot explain the concentration of the points around a broad annulus, rather than a central modal point. The increase in k0 from unity in Figure 2 to k0 = 1.1 in Figure 3 is relatively unimportant; this ratio becomes more important in Figures 4 to 7 where we attempt to simulate the annulus in Figure 1 .
The example illustrated in Figure 4 differs from that in Figure 3 in that the spread in the ratio of intensities is much smaller: the parameter ∆2 = 0.5 in Figure 3 is replaced by ∆2 = 0.05 in Figure 4 . This causes the distribution of points to become even more strongly spread out, and for the concentration of points around the means to disappear. In interpreting this, first consider a case (not shown) where there is no spread in the ratio of the intensities of mode 2 to that in mode 1, k0 = 1, ∆2 → 0. Then, on summing over the Stokes parameters for the two modes the mean polarizations cancel. The cancellation is not exact because the parameters for each mode correspond to two different choices of random numbers. The net polarization is determined by the difference between the two modes, and the degree of polarization is necessarily small,
1/2 ≪ I1 +I2 = 2I1, due to (Q2, U2, V2) ≈ −Q1, U1, V1. This leads to a broad distribution of polarization on the Poincaré sphere. The difference between Figure 3 , ∆2 = 0.5 and Figure 4 , with ∆2 = 0.05 is that the latter is effectively indistinguishable from the case ∆2 → 0 in which the mean polarizations cancel exactly.
This example adds a further ingredient that is plausibly needed in the interpretation of the upper panel in Figure 1: spreading out of the points due to near equality of the intensities in the two modes. However, the associated loss of concentration around the mean polarizations for the two modes is not consistent with the observations, and a further assumption is needed to overcome this. Before considering how this can be achieved, we relax the assumption of orthogonality.
Nonorthogonal polarizations
The example shown in Figure 5 differs from Figure 4 only in that the centroid for mode 2 is not orthogonal to that for mode 1, and is displaced from the antipodal point by 2∆ψ = 3
• , 2∆χ = 10
• . This introduces a favored direction on the Poincaré sphere, and the polarization points tend to form an annulus around this preferred direction. This annulus provides a natural explanation for the spreading apparent in the observational example in the upper panel of Figure 1 . However, the absence of a noticeable concentration of points around the mean polarization for mode 2 is inconsistent with the observations. Note that the annulus appears when the ratio of the mean intensities is close to unity, but slightly greater than unity (k0 = 1.1 here), and the variance (∆2 = 0.05 here) corresponds to a standard deviation roughly equal to the difference (∆2 ∼ (k0 − 1) 2 ). The large spread is due to the small variance in this ratio causing there to be a large number of weakly polarized bursts due to the mean polarizations nearly canceling.
Sometime invisible mode
There is an obvious way of rectifying the absence of concentrations of points around the modal point in Figures 4 and 5: include a component of the emission that has such a concentration. One way in which this can be achieved in our model is to introduce one or more additional subsources that have such concentrations. However, it is of interest to explore an alternative way of achieving the same result with only one subsource: assume that some pulses are visible in mode 2 but not in mode 1. This is the purpose of our parameter pv which specifies the fraction of pulses in which mode 1 is invisible.
In Figure 6 we show how Figure 5 is modified by introducing the parameter pv = 0.2, which corresponds to mode 1 being invisible in 20% of the pulses. This adds the peak around the centroid for mode 2 in Figure 6 , compared with Figure 5 . This peak is due entirely to the pulses for which the component in mode 1 is assumed to be invisible. In both Figure 6 and Figure 7 , there are three peaks in the histogram for PA, at ≈ −90
• , ≈ −10
• and 45
• . The first of the three can be seen to wrap around at +90
• , due to the PA being modulo 180
• . The peak at 45
• corresponds to the cases where mode 1 is invisible. As for the two other peaks at negative PA, the picture is similar to what one expects for nonorthogonal modes (McKinnon 2003b): they are separated by < 90
• with a bridge between them. This is due to the addition of the non-orthogonal polarizations of modes 1 and 2, as described for Figure 5 . In fact a similar feature appears in the histogram for Figure 5 , which is not shown. Besides the nonorthogonality of the centroids of modes 1 and 2, the different probability distributions for the polarizations of the two modes is an important ingredient in the structure of the PA histogram.
The annulus first seen on the Poincaré sphere of Figure 4 , remains in Figures 6 and 7. As discussed above, this is due to the almost constant ratio of intensities and the different shapes of the distributions of modes 1 and 2, which results in instantaneous nonorthogonal polarizations being added.
Multiple subsources
The introduction of the parameter pv has another consequence that is evident in the fifth histogram in Figure 6 : there is a narrow peak in the degree of linear polarization, corresponding to a small fraction of 100% polarized bursts. This is an artefact of allowing a fraction of the pulses to be completely polarized in mode 1. This artefact can be eliminated by allowing multiple subsources. An example is shown in Figure 7 , which differs from Figure 6 in that there are N = 3 subsources. In this case the parameter pv = 0.2 is complemented with pN = 0.4.
The distribution of points in Figure 7 is similar to that in the upper panel in Figure 1 , and we could improve the agreement by further adjustment of parameters. However, it is also clear that there is no unique way of simulating this particular example. We chose to introduce the parameters pv and pN to overcome the loss of concentration around the centroid of mode 2 when modeling the spread distribution for mode 1 with only one subsource. There is a wide degree of freedom if one assumes that the different subsources can have significantly different properties. One could postulate different subsources to produce different features in any given observation; specifically, one subsource to produce the concentration of points for mode 2, with a negligible contribution from mode 1 (k0 ≫ 1) and a second subsource to produce mode 1 spread out around an annulus, with no significant focus for mode 2, as in Figure 5 .
PHYSICAL INTERPRETATION
In discussing the physical ingredients in our model we start with some general comments, then concentrate on two features of the observations that seem difficult to explain: nonorthogonality of the OPMs, and asymmetry between the OPMs. We also comment on the difficulty of explaining the separation into two modes with comparable intensities and the limiting polarization.
Physical ingredients
Important physical ingredients in understanding the polarization of pulsar radio emission include birefringence, gy- rotropy, ray tracing, separation into two natural modes and limiting polarization. The first three of these ingredients are relatively well understood in principle, although there remain major uncertainties in applying them to pulsars. Birefringence is present in any magnetized plasma: there are two natural wave modes in the medium, and these have different refractive indices and different polarizations. Gyrotropy implies that the natural modes are elliptically (rather than linearly) polarized, and in the present context gyrotropy is due to differences between the distributions of electrons and positrons (Melrose & Luo 2004) . Under most conditions the natural modes are orthogonally polarized, which implies that their polarization ellipses are orthogonal with opposite handedness. If the medium is inhomogeneous, then birefringence implies that the rays corresponding to the two natural modes propagate along different ray paths, and ray tracing involves determining these paths for specific models of the inhomogeneous plasma ( 
Nonorthogonality and asymmetry between OPMs
Observationally, there are clear examples where the observed polarizations are concentrated around two mean polarizations that are not orthogonal to each other. However, we do not regard the nonorthogonality of OPMs as implying a nonorthogonality of the natural modes of the medium. OPMs refer to the polarizations seen by the observer. Tracing the rays for each OPM back to the source, the birefringence implies that these originated from different points in the source, with slightly different angles of emission, such that the rays are parallel and coincident at infinity. Physically, the nonorthogonality of the OPMs reflects the difference in the polarizations of the modes at these points and with these directions of emission, and does not reflect an actual nonorthogonality of the natural modes at any given point in the medium. An estimate of the nonorthogonality may then be used to infer a constraint on the properties of the emission given a model for the medium through which the radiation propagates to the observer. Nonorthogonality of the modes is included in two ways in the model. Besides the explicit nonorthogonality in the centroids of the modes, there is also a nonorthogonality arising from the choice of random number from the independent distributions of the polarizations for the two modes in each simulated pulse. We envisage the source being composed of many subsources, whose polarizations differ due to small differences in relevant parameters between them. Pulse-topulse variations in both the source regions and along the ray paths for the two modes are assumed to lead to a degree of randomness in the observed polarization that is described by both the centroids for the two modes being different and the variations about these centroids being independent for the two modes.
Consider the interpretation of the upper panel in Figure 1 , which is an example where the two modes are asymmetric, with one concentrated around a centroid, and the other spread out, with no noticeable concentration around the antipodal point. Our model shows that this is consistent with two OPMs provided that (i) the OPMs are not strictly orthogonal, and (ii) there are two subclasses of pulses with (a) the intensities nearly equal in one subclass, leading to the spread out distribution, and (b) one mode is invisible in the other subclass, leading to the concentrated distribution of points. Although some nonorthogonality in the means of the modes is required, it is also clear that there are two other important ingredients in simulating this case: the spread in polarization about the means, and a tight (but not exact) correlation of the intensities of the two modes (in the first of the two subclasses of pulses). Physically, this emphasizes the importance of the pulsar radiation separating into two modes that propagate along different rays paths and have nearly equal intensities.
Our interpretation of the annulus in Figure 1 may be compared with that suggested by Edwards & Stappers (2004) , who interpreted it in terms of generalized Faraday rotation (GFR). The GFR interpretation requires that polarized radiation be incident on a region in which the polarizations of the natural modes is different from that of the incident radiation. Different amounts of GFR in different pulses can then lead to a distribution of points around an annulus, with the annulus oriented orthogonal to the diagonal through the Poincaré sphere defined by the polarizations of the natural modes. In one sense the model based on GFR is complementary to the empirical model proposed here. The empirical model is based on probability distributions, and no specific physical assumptions are made in writing down the probability distributions. GFR provides a physical basis for a probability distribution that, according to Edwards & Stappers (2004) , reflects the distribution of points seen in Figure 1 . However, this is not the interpretation that we suggest. Our interpretation is based on the polarizations of the two orthogonal modes nearly canceling: provided the two modes have nearly equal intensities their sum is weakly polarized, with a wide spread in polarization. With our assumption that the OPMs are 100% polarized, if the intensities are markedly different (in a given pulse) then the polarization is necessarily close to that of the mode with the higher intensity. An implication of the interpretation we propose is that the points around the annulus must be weakly polarized. There is no such implication with the GFR interpretation.
Separation into two modes
There is a major difficulty in understanding how radiation can be produced in two modes with nearly equal intensities and significantly different ray paths.
How the radiation becomes separated into two natural modes is poorly understood. Most radio emission mechanisms favor radiation into a single natural mode. For example, any maser process that causes one mode to grow faster than the other leads, after many growth times, to the faster growing mode completely dominating. In principle, this need not be the case: if the growth rate is larger than the rate of generalized Faraday rotation, and if the maser is intrinsically polarized with a polarization different from that of either natural mode in the medium, then the growing radiation can be an intrinsic mixture of the two natural modes (Melrose & Judge 2004) . Although the conditions required for this to apply seem implausible, the alternatives seem even less plausible. The alternative is that the emission mechanism results in a single mode, and that the separation into two modes occurs somewhere along the propagation path. Although mode coupling does occur due to inhomogeneity, it is usually a weak effect, whereas the interpretation of OPMs requires comparable intensities in the two modes. This is especially the case for the interpretation of the broad spread in polarization shown in Figure 1 : our modeling suggests that this implies that I2 is strongly correlated with I1. Effective mode mixing could occur due to reflection of waves off a sharp boundary, which would need to be near the source region to be effective. (Far from the source the refractive indices are very close to unity, precluding significantly different ray paths for the two modes, as seems to be essential for the interpretation of OPMs.) However, there is no model which incorporates reflection off sharp boundaries. Moreover, near the source one of the modes should have wave properties close to the vacuum, referred to as the X mode by , and this neither reflects off sharp gradients nor otherwise couples to the other mode. In brief, it is very difficult to account for pulsar radiation that is an approximately equal mixture of two natural modes, despite the overwhelming observational evidence that the radiation is such a mixture. Hopefully, further use of empirical models will lead to information on the polarizations of the OPMs that will help constrain the mechanism that leads to the separation into two modes.
Limiting polarization
The observed polarization is clearly elliptical in some cases, implying that the natural modes of the pulsar plasma are elliptical at the point where the radiation effectively escapes the magnetosphere. As the radiation in a given mode propagates through the medium, its polarization adjusts continuously so that it remains that of the natural mode at every point along the ray path. (A small leakage into the other mode occurs, implying some mode coupling.) This putative point is referred to as the polarization limiting region, which may be defined as the region beyond which the medium becomes ineffective in changing the polarization of the radiation propagating through it. Polarization limiting is most likely to occur near the cyclotron resonance where the polarization of the natural modes is changing fastest as a function of distance along the ray path (Melrose & Luo 2004) . Thus the empirical modeling of the polarization provides information on the polarization limiting region, and on how it varies statistically from pulse to pulse. Such information should help to identify the location of the polarization limiting region.
CONCLUSIONS
In this paper we present an empirical model that is useful in simulating data on the Stokes parameters for observations of single pulses at a given pulsar phase. The observed polarization changes from pulse to pulse, and the polarization in any given pulse can be quite different from the (mean) polarization found by summing over a large number of pulses. The underlying model for the interpretation of the observed polarization is in terms of two OPMs: the observed radiation is assumed to be a mixture of the two (completely polarized) OPMs, with intensities I1, I2, that are partially but not completely correlated. We model this by assuming that the intensity for mode 1 has log-normal statistics, with the mean intensity set to unity without loss of generality and the variance in the natural log set to ∆1 = 0.8 based on observation, (Cairns, Johnston & Das 2004) . The ratio, k, of the intensities in mode 1 and 2 is assumed to have a gaussian distribution with a mean k0 and a variance ∆2. The results of the simulations are sensitive to this correlation, and the choice of these parameters are severely constrained by the data, with k0 near but not equal to unity and ∆2 small but nonzero, cf. Table 1 .
In the empirical model presented here, we assume that the polarization of each OPM is determined by a probability distribution, with a mean and a variance on the Poincaré sphere. The model allows some non-orthogonality in the OPMs. The intensity of mode 1 is assumed to vary from pulse to pulse with log-normal statistics. The intensity of mode 2 is partially but not totally correlated with the intensity of mode 1. When the polarization of each simulated pulse is plotted on the Poincaré sphere, pulses with I1 ≫ I2 and I1 ≪ I2 lead to peaks around the centroids for modes 1 and 2, respectively, and pulses with I1 ≈ I2 lead to a spreaded out distribution of (weakly polarized) points on the Poincaré sphere. The model also allows a single pulse to consist of emission from a number, N , of subsources. In the case where we have multiple subsources, we choose the statistical parameters (means and variances) of each subsource to be the same. This leads to some difficulties that we overcome by a somewhat artificial assumption that allows both concentrations around the OPMs and a broad spread of weakly polarized points, as required to simulate some observations. An alternative (also artificial) assumption would be to allow the statistical parameters to be different for different subsources, relying on some subsources to produce the broad spread and other subsources to produce the wellformed peaks about one or both OPMs. Other correlations in the simulations are shown through histograms for the four Stokes parameters, and also for the position angle and the degrees of linear and circular polarization. Such histograms make it possible to describe the variations in the intensity and in the degree of polarization, neither of which are represented on the Poincaré sphere.
Our model contains a large number of free parameters, with this number increasing approximately as the power of the number of subsources. However, given the general framework of the OPM model, this number of parameters is needed to describe a single subsource, and one must rely on comparison with observation to reduce or otherwise constrain the number of free parameters.
The observational examples on whose interpretation we concentrate, cf. Figure 1 , includes one phase with welldefined OPMs and another with a concentration of points around one OPM and a diffuse distribution of points that extends around an annulus passing only roughly through the antipodean point on the Poincaré sphere. The spreadout case is the more difficult to explain. We find that it requires non-orthogonal OPMs with tightly correlated intensities, with best fits found for the mean and variance of the ratio, k = I2/I1, of the intensities having the values k0 = 1.1, ∆2 = 0.05. However, this precludes a well-formed peak around either mode, and an additional assumption is needed to account for both a concentrated peak for one mode and a broad spread for the other. We show that this can be achieved by assuming that some fraction of the pulses contain only one mode. (A physical justification for this assumption is that the other mode is sometimes refracted into a direction that does not intersect the Earth.) The important parameter that distinguishes between the top and bottom panel in Figure 1 is the variance in the ratio of the intensities: for ∆2 = 0.5 the model gives two well-defined OPMs. The explanation is straightforward: a large variance in I2/I1 implies that most pulses have either I2 ≪ I1 or I2 ≫ I1, giving a polarization distribution close to that for mode 1 and mode 2, respectively. This further emphasizes the importance of the tight correlation required to account for a broad distribution on the Poincaré sphere. Note the implication that the degree of polarization of the points that define the broad distribution must be low (very nearly equal mixtures of two OPMs). However, we should emphasize that although these qualitative conclusions are robust, we do not claim that any specific parameter fit is unique. Indeed, it seems likely that there is considerable freedom in the inter-play between the variance of the polarization of one OPM (a2, b2) and in the ratio the intensities (k0, ∆2) in accounting for mode 2 around an annulus, in modeling the lower panel in Figure 1 for example.
Our ultimate objective is to understand the origin of the polarization of pulsar radio emission, and hopefully to use it to constrain pulsar models. Our results provide strong support for a model in which the radiation escapes in two natural waves modes that can be significantly elliptically polarized. Moreover, the intensities of the two modes are tightly correlated in at least some examples that we have considered. We note that there is no accepted emission mechanism that can produce roughly equal intensities in two orthogonal modes, and no known propagation effect that can be effective in producing nearly equal intensities in two orthogonal modes for radiation initially in one mode. Further ideas on how this dilemma might be resolved are needed.
